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Options

Proposition (Law of One Price)

If two portfolios have the same profit at maturity time T , then for all prior
times t < T , the price of the portfolio’s must be equal.

Proof.
By no-arbitrage, it is easy to prove by contradictions.

Question
Show that the European put options with strike price K and maturity at
time T satisfies PE (t,K ) > Ke�r(T�t) � S(t) for all t < T , where S(t) is
the stock price, r is the continuous compounded interest rate.
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& I suppose EtE20. T] satisfy PElt . K) < KeriTt S(t) =
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TIT) = Pe(T, K) + SIT) - K => positive
=> PlI(T) > O) 70.

+ S1-k = CST-K iS => PITIT) PO) = /
- =>



Options

Question
Two vanilla put options are identical except for the maturity dates
T1 < T2. If the interest rate is zero between T1 and T2, then
PE (t,T1) < PE (t,T2) at any time t  T1.
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Assume ItST. PeltTi y PeltiTa) + PeltiK) > Ke-rIT-t)-SIt)
I : Short 1 PE(t , Tr) -- O

long 1 PELt , T2)

T(t) = PeltiTz) - Pe(t ,Ti < O

TITI) = PEITiTr) - (K-STi) -... O

D + 0 =) T(T) - ke
-

Vlie-T ST - (k - STi)+

= O

T(Ti) > O

=> PITITIK0) >0 => exist atbittage opp--

P(π(TI) 50) =



Options

Question
Suppose two put European options are identical except for the strike prices
0 < K1 < K2, show that

0 < PE (t,K2)� PE (t,K1) < (K2 � K1)e
�r(T�t),

at any time t before maturity T .
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assume Et . =T

502Pelt ,
ke) - PECtik)

-rCT- t)

PEltik) - Plt . Ki) = (kr-Kise

i : long Plt , KI)

Short Pe(t , Kv)
-rIT-t)

long (kr-k) e

T(t) = (k2-kie-rIT-t) - PE(tiKr) + PElt ,
k) <O

ST - St = 0 if S < K
[IT) = kz - k - (kz - St) + + (k - St) +

t ① I ST-KI90 ifke

PIIIT) > 0) = 1 - P(ST < K) TO k2 - 1470 if St K2
↑ (π(T) 30) = 1



Options

Question (Put-Call Parity Relation with Dividend)

Prove the following. Assume that the value of the dividends of the stock
paid during [t,T ] is a deterministic constant D at time tD 2 (t,T ]. Let
S(t) be the stock price, r be the continuous compounding interest rate ,
CE (t,K ) and PE (t,K ) be the prices of European call and put option at
time t with strike K and maturity T respectively. We have

CE (t,K )� PE (t,K ) = S(t)� Ke�r(T�t) � De�r(tD�t)
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- rIT-tD)

Th = Long a Celt , k) ThzltD) = Sltp)-ke
-rIT-tx)

- D + D

Short Pltik) = SItD) - Ke

It2 : Long Slt)
Th (T) = SIT) - K

Short (KE-WIFE + De-NCtD-- FIT) = IST-k3 +
- CK-StSt= its
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Forward

Question
Under no arbitrage opportunity assumptions and assume the continuous
compounded interest rate is r , if the stock pays no dividend, show that
F (t,T ) = S(t)er(T�t) for t � T .
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Th : Long a Flt , T)
,

put FItiT)e-rIT-ts in the bank.

Th : long
a stock SCH)

-
NT- t)

Th(t) = FIt, T) e
->

get IST pay

T(t) = FIT) + (St - FltiT)) = ST = EzLT)

iP
- r(T-t)

=> Th(t) = Thilt) = St = F(tiT) e

r(T-t)

=> F(tiT) : Ste



Forward

Question

Suppose the stock pay a dividend d ⇥ S(t) at time t, where 0 < t < T

and 0 < d < 1, show its forward price F (0,T ) =
1

1 + d
S(0)erT .
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It : long a stock
.

So T2 = long (1+ d) Flo , T) · but

[lt) = St + dSt = ( I+ d) St Cl+ d) F( , T) e-rT in the Bank.

π(T) = (1 + d)ST T22(0) : (l + d) [COT) e-UT

TIT) = (1+ d) F10 , T) +

((1+ d55t - (1+d)FLOT)
-

-

-rT = (l +d) ST = TLCT)

S10) =1 + d)F10 ,Te

=> F10 ,T)= Sioseri


